We prove some results concerning Alcuin number of graphs. First, we classify graphs which have unique minimum vertex cover. Then we present two necessary conditions for a graph to be of class two and show why one of them (condition on common neighbors) is sufficient as well. By using this classification theorem, we prove some results about class one and class two graphs such as cartesian product of graphs and classification of regular graphs.
Introduction
Let v ∈ V (G). We denote the set of all neighbors of v by N (v) and for X ⊆ V (G) we define N (X) = ∪ x∈X N (x). Also, we denote the neighbors of X in S by N S (X) = N (X) ∩ S. An independent set is a set of vertices in a graph, no two of which are adjacent. The independence number, α(G), is the size of greatest independent set in G. A vertex cover is a set of vertices such that every edge in graph has an end in it. The vertex cover number is the size of smallest vertex cover in G and is denoted by β(G).The girth of a graph G, is denoted by g(G), is the length of a shortest cycle contained in the graph. If the graph does not contain any cycles, its girth is defined to be infinity. Let G and H be two simple graphs. The cartesian product of G and H is denoted by G × H and is a graph such that V (G × H) = {(u, v)|u ∈ G, v ∈ H} (u, v) and (x, y) are adjacent if and only if u = x and v is adjacent to y or we have v = y and u is adjacent to x. For n = 0 we define Q 0 = K 1 and for n ≥ 1, we define n-dimensional hypercube as Q n = Q n−1 × K 2 .
In [2] , Alcuin's river crossing problem and its history is fully explained:
A man had to transport to the far side of a river, a wolf, a goat, and a bundle of cabbages. The only boat he could find was one which would carry only himself and one of them. For that reason he sought a plan which would enable them all to get to the far side unhurt.
We consider a graph G = (V, E) where for each object we have a vertex in V (G) and two vertices are adjacent if and only if corresponding objects are conflicting. The aim is to transport objects to the far side of river unhurt i.e. transporting the vertices of graph to the far side such that in each step of transportation, there exists no edges between the vertices which are in the same side of river. We assume that in the starting step objects are in the left side. For example, in Alcuin river crossing puzzle if we consider w as wolf, g as goat and c as cabbage, then figure 1.1 shows a feasible schedule for problem.
The Alcuin Number of a graph G is denoted by c(G) and is defined as the least capacity of a boat that can successfully handle this problem. In [1] , [2] , [3] the following has been proved.
Proof. In the first step we should have at least β(G) of vertices in boat. This shows that c(G) ≥ β(G). Consider a boat of capacity β(G) + 1. Put a minimum vertex cover C ⊆ V (G) in boat. Now, boat has one empty capacity. Put the vertices of V − C in boat and transport them to the right side of river one by one. By repeating this prosedure we can transport V − C to the right side. In final step, drop off C in the right side. This is a feasible schedule for G by a boat of capacity β(G) + 1 and completes the proof.
According to this theorem, graphs are divided into two classes. We say a graph G is of calss one if c(G) = β(G) and of class two if c(G) = β(G) + 1. Our goal is to determine class one and class two graphs. In section 2 we prove the following theorem. Theorem 1.2. (Classification Theorem) Let G be a graph and C ⊆ V (G) be a minimum vertex cover of G. Then G is of class two if and only if for any two independent sets S, T ⊆ C we have
Alcuin's river crossing problem differs significantly from other medieval puzzles, since it is neither geometrical nor arithmetical, but purely combinatorial [2] . In [3] , the Ferry Problems, which may be viewed as generalizations of the classical wolf-goat-cabbage puzzle, are considered. The Ferry Cover Problem, where the objective is to determine the minimum required boat size to safely transport n items represented by a graph G, is studied in [3] . A close connection with vertex cover which leads to hardness and approximation results is also studied in [3] .
Classification Theorem
In this section we classify graphs which have unique minimum vertex cover and find some necessary conditions on graphs to be of class two. Finally, we prove the classification theorem, which presents a necessary and sufficient condition for graphs to be of class two. In [2] , the following has been proved. Theorem 2.1. Let G = (V, E) be a graph which has two distinct independent sets S 1 , S 2 ⊆ V (G) of maximum size (or, equivalently, two distinct vertex covers of minimum size). Then G is of class one.
In the following theorem, we classify the graphs which have unique minimum vertex cover. So, we can find a necessary condition on graphs to be of class two. Theorem 2.2. Let G = (V, E) be a graph and C ⊆ V (G) be a minimum vertex cover of G. Then C is unique minimum vertex cover in G if and only if for every independent set A ⊆ C we have |N V −C (A)| > |A|.
Proof. First, suppose that C is unique minimum vertex cover of G. Note that for every independent set A ⊆ C we have |N V −C (A)| ≥ |A|. Because, if there exists an independent set A ⊆ C such that |N V −C (A)| < |A|, then by replacing A with N V −C (A) we obtain a vertex cover C ⊆ V (G) such that |C | < |C|, which is a contradiction. So, it sufficies to show that |N V −C (A)| = |A|. If not, by the similar way, we can find another minimum vertex cover of G of cardinality |C| which is a contradiction, since C is unique minimum vertex cover of G. For converse, suppose that the condition holds. By contrary, let G have two distinct minimum vertex covers C and D. Suppose that C∩D = ∅. Then C and D are independent sets and N V −C (C) ⊆ D. Because, if there exists an edge e = uv such that u ∈ C and v ∈ V − (C ∪ D), then e is not covered by D which is a contradiction. Now, let A = C. Then we have |N V −C (A)| ≤ |A| which is a contradiction. So, we may assume that C ∩ D = ∅. Then C − D and D − C are independent sets and by the similar way to the first case, we can show that
which is a contradiction and this completes the proof.
By using this theorem, we can find a necessary condition for class two graphs.
Corollary 2.3. Let G be of class two and C ⊆ V (G) be a minimum vertex cover of G. Then for every independent set A ⊆ C we have
This condition is not sufficient. For example, consider K 1,2 . Then it satisfies the condition, but we have c(G) = β(G) = 1, which shows the graph is of class one. In following, we present a better condition. Theorem 2.4. Let G be of class two and C ⊆ V (G) be a minimum vertex cover of G. Then for every independent set A ⊆ C we have
Proof. By contrary, suppose that there exists an independent set A ⊆ C such that |N V −C (A)| ≤ 2|A|. Then, following algorithm shows that c(G) = β(G).
1. Put C in boat and go to the right side. Leave A in the right side and return to the left side.
2. By |A| empty places in boat, in each return to the left side, transfer |A| elements of the set (V − C) − N V −C (A) to the right side and drop off them.
3. Now, first transfer |A| elements of N V −C (A) to the right side and drop off them. Then put A in boat, return it to the left side and leave it in left side and transfer remaining elements of N V −C (A) to the right side of river (Note that this is possible because |N V −C (A)| ≤ 2|A|).
4. Finally, return to the left side, put A in boat, go to the left side and drop off C in the right side.
This algorithm transports G by a boat of capacity β(G). So, G is of class one and this completes the proof.
This theorem has an interesting and simple corollary about claw-free graphs.
Corollary 2.5. Let G be a claw-free graph. Then G is of class one.
Proof. Let G be of class two and C ⊆ V (G) be a minimum vertex cover of G. Consider v ∈ C. Then 2.4 implies that v has at least three distinct neighbors in V − C such as x, y, z. Since V − C is an independent set, v and x, y, z induce a claw and this completes the proof.
There are natural questions: Is this condition sufficient? Is there a natural number k such that if |N V −C (A)| > k|A| for all independent sets A ⊆ C, then graph is of class two? Both questions answers are nege-
} is a minimum vertex cover of G. Also, it can be checked easily that G is of class one and satisfies the conditions. Now, we present the classification theorem. Theorem 2.6. (Classifcation Theorem) Let G be a graph and C ⊆ V (G) be a minimum vertex cover of G. Then G is of class two if and only if for any two independent sets S, T ⊆ C we have
We will use the structure theorem in [2] to prove the classification theorem. The structure theorem is as follows. 1. The three sets X 1 , X 2 , X 3 are pairwise disjoint.Their union X = X 1 ∪ X 2 ∪ X 3 forms an independent set in G.
2. The (not necessarily disjoint) sets Y 1 , Y 2 are nonempty subsets of the set Y = V − X, which satisfies |Y | ≤ b.
3. X 1 ∪ Y 1 and X 2 ∪ Y 2 are independent sets in G.
Note that if G is of class one, then Y is a minimum vertex cover and X is a maximum independent set in G. Now, by using the structure theorem we can prove classification theorem.
Proof. First, suppose that there exist independent sets S, T ⊆ C such that
Then the following transportation algorithm shows that G is of class one.
1. Transport C to the right side of river, drop off S in right side and return to the left side. For converse, by contrary suppose that G is of class one. Then in structure theorem Y is a minimum vertex cover, X is a maximum independent set and there exists a feasible schedule for a boat of capacity b = β(G). By condition three in the structure theorem we have X 1 ∪ Y 1 and X 2 ∪ Y 2 are independent sets. So, Y 1 and Y 2 are independent sets in vertex cover and therefore common neighbors of Y 1 and Y 2 in V − Y are in X 3 . So, we have
which is a contradiction, since condition four in the structure theorem indicates that
Hence, G is of class two.
Results
In this section, we prove some results concerning class one and class two graphs such as girth of class two graphs, classification of regular graphs and cartesian product of graphs.
Corollary 3.1. Let G be of class two and C ⊆ V (G) be a minimum vertex cover of G. Then for every independent set S ⊆ C we have |N V −C (S)| > 2|S|.
Proof. In theorem 2.6 let S = T .
A simple and exciting result of classification theorem is the case in which S and T are single vertex. This yields to the following corollary which has been proved in [2] by considering suitable subsets of V (G) in the structure theorem.
Corollary 3.2. Let G = (V, E) be a graph and there exists two (not necessarily distinct) vertices u and v such that they have at most two common neighbors in V − C. Then G is of class one.
Another easy corollary arises about the girth of class two graphs. Proof. Let C be a minimum vertex cover of G. Consider two distinct vertices u and v in C. These vertices have at least three common neighbors in V − C such as {x, y, z}. Now, consider a cycle u, x, v, y, u. This implies that g(G) ≤ 4.
We use this corollary to prove the following corollary which also has been proved in [1] .
Corollary 3.4. Let T be a tree. Then T is of class two if and only if T = K 1,n for n ≥ 3.
Proof. Let T be a tree. Note that if β(G) ≥ 2, then 3.3 implies T is of class one. So, we may assume that β(G) = 1. Therefore T = K 1,n and the classification theorem completes the proof.
We can find a better result about girth of regular graphs. Proof. Let G be an r-regular graph of class two. Then 3.2 implies that r ≥ 3 and this yields that β(G) ≥ 2. Suppose that G is not bipartite. Then there exist two vertices u, v in minimum vertex cover of G such that uv ∈ E(G). Since G is of class two, these two vertices have at least three common neighbors in V − C and therefore G has a triangle. So, g(G) = 3. So, we may assume that G = (A, B) is bipartite. Since G is regular we have |A| = |B|. On the other hand, bipartite regular graphs have perfect matching. So, we have β(G) ≥ |A|. Also, A is a vertex cover of G. This implies that β(G) ≤ |A|. Therefore β(G) = |A| and A (or B) is a minimum vertex cover of G. Now, first transfer A to the right side and then return and transfer B. So, c(G) = β(G) which implies that G is of class one which is a contradiction and this completes the proof.
Next, we prove a theorem that classifies the cartesian product of graphs. Theorem 3.6. Let G and H be two graphs such that both of them are not trivial. Then G × H is of class two if and only if one of them is of class two and another is K 1 . Proof. Let G and H satify the conditions. Then G × H is of class two. For converse, by contrary, suppose that conditions don't hold. If G or H is K 1 and the other is of class one, then G × H is a of class one which is a contradiction. Now, suppose that both of G and H have at least two vertices. If one of them is an empty graph, then G×H is disconnected and has at least two nontrivial components. So, there exists one vertex of minimum vertex cover in each component. These vertices don't have any common neighbors. Therefore 3.2 implies that G is of class one and this completes the proof. So, we may assume that G and H are nontrivial and have at least two vertices. First, suppose that max{β(G), β(H)} ≥ 2. We may assume that β(G) ≥ 2. Since, |V (H)| ≥ 2 we can find two vertices (u, v) and (x, y) in minimum vertex cover of G×H such that u = x, v = y (to find such vertices, it suffices to consider two copies of G in G×H). Now, consider these vertices. Clearly, they have at most two common neighbors and therefore G × H is of class one which is a contradiction. So, we may assume that max{β(G), β(H)} = 1. Suppose that V (G) = {v 1 , . . . , v n } and V (H) = {u 1 , . . . , u m } and mininmum vertex covers of G and H are {v 1 } and {u 1 } respectively. Also, we may assume that m, n ≥ 3, since otherwise G×H is C 4 which is of class one. So, minimum vertex cover of G× H is { (v 1 , u 1 ), (v 1 , u 2 u 1 ). These two vertices have at most two common neighbors and therefore G × H is of class one which is a contradiction and this completes the proof. Now, we can conclude the following.
Corollary 3.7. The n-dimentional hypercube Q n is of class one for all n ≥ 1. Now, we prove a result concerning class of regular graphs. We will use the following lemma in the next theorem.
Lemma 3.8. Let G be an r-regular graph (r ≥ 1) of order n and C ⊆ V (G) be a mninmum vertex cover of G. Then |C| ≥ max{ n 2 , r}.
Proof. Let G be an r-regular graph. Then α(G) ≤ n 2 and also we have α(G) + β(G) = n which implies that β(G) ≥ n 2 . Also, note that since r ≥ 1, we can consider v ∈ V − C. Then all neighbors of v are in C which implies that |C| ≥ r and this completes the proof.
Theorem 3.9. Let G be an r-regular graph and r ∈ {2, 3, 4, 5}. Then G is of class one.
Proof. Case r = 2 is clear. Let G be a cubic graph and C ⊆ V (G) be a minimum vertex cover of G. Then 3.8 implies that |C| ≥ 2. If C is an independent set, then G is bipartite and therefore of class one. So, suppose that there exists an edge e = uv such that u, v ∈ C. Since G is cubic, u and v have at most two neighbors in V − C and 3.2 implies that G is of class one.
Let G be a 4-regular graph. If C is an independent, then G is bipartite and we are done. So, consider u, v ∈ C such that uv ∈ E(G). If u and v have at most two common neighbors in V −C, then we are done. So, suppose that u and v have three common neighbors in V − C. Since G is 4-regular, this implies that u has no neighbor in C except v and also similar is true for v. Now 3.8 implies that |C| ≥ 3 and there exists z ∈ C − {u, v}. Let S = {u, z} and T = {v}. Clearly, S and T are independent sets. If G is of class two then classification theorem yields that |N V −C (S) ∩ N V −C (T )| ≥ 4 which is impossible, since v has three neighbors in V − C. Therefore G is of class one.
Let G be a 5-regular graph. Then 3.8 implies that |C| ≥ 5. Similar to the previous case we may assume that there exists vertices u and v in C such that uv ∈ E(G). If G is of class two, then u and v have at least three common neighbors in V − C. If there exists z ∈ C −{u, v} which is adjacent to u, then deg V −C (u) = 3 and we can find some vertex t such that t is not adjacent to v (This is possible since |C| ≥ 5). Now, let S = {v, t} and T = {u}. Then, if G is of class two, classification theorem implies that |N V −C (S) ∩ N V −C (T )| ≥ 4 which is impossible, since deg V −C (u) = 3. So, we may assume that u and v have no other neighbor in C. Consider z ∈ C − {u, v}. Since induced subgraph on C − {z} is not complete, so there exists an independent set S ⊆ C −{z} such that |S| ≥ 2. Let T = {z}. Then classification theorem implies that deg V −C (z) ≥ 4. This implies that for every c ∈ C we have deg C (c) ≤ 1. So, we can find an independent set S ⊆ C such that |S| ≥ 3. It is clear that both of u and v are not in S. Suppose that u is not in S. Let T = {u}. Then classification theorem implies that |N V −C (S) ∩ N V −C (T )| ≥ 5, which is impossible since deg V −C (u) = 4.
There are some open questions about the problem as follows. Question 1: Are all regular graphs of class one? Question 2: Let G be a graph of order n. Does the probability of being class two tend to zero as n → ∞? i.e. Is it true that almost all graphs are of class one?
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